Background {#Sec1}
==========

Within the last decade, genotyping thousands of individuals with single nucleotide polymorphism (SNP) chips has become common practice in breeding programs of many species of economic relevance. However, due to cost effectiveness these individuals are being genotyped with low- to medium-density SNP chips, with usually not more than 50,000 markers.

To date, genetic evaluation systems accommodate SNP genotypes via the so-called single step model, in which most often markers are used to pre-calculate a relationship matrix, which subsequently augments the usual pedigree derived relationship matrix into a so-called $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf{H }$$\end{document}$ matrix  (SS-H-BLUP) \[[@CR1]\]. With the mixed model equations (MME) requiring the inverse of this matrix, and assuming that $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf{G }$$\end{document}$ is actually algebraically invertible, increasing numbers of genotyped individuals have imposed a large computational burden on genetic evaluation systems. To circumvent this problem an approximation of the inverse of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf{G }$$\end{document}$ was proposed, but the effect of this approximation on estimated breeding values (EBV) is dataset-dependent and must therefore be empirically determined for every single application \[[@CR2]\].

However, the situation described above of having more genotyped individuals than markers has led to a situation where $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf{G }$$\end{document}$ is not of full rank and therefore algebraically no longer invertible. An alternative solution is to not use $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf{G }$$\end{document}$ and move to a model which incorporates the markers directly (SS-SNP-BLUP). While SS-SNP-BLUP is generally equivalent to SS-H-BLUP, and some formulations such as \[[@CR3]\] offer huge model flexibility, many of its final implementations suffer from convergence problems with regard to iterative solving \[[@CR3]\] or demanding pre-conditioner computation \[[@CR4]\]. However, recently an elegant intermediate model has been formulated, which may be seen as a mix of SS-H-BLUP and SS-SNP-BLUP and is called SS-T-BLUP \[[@CR5], [@CR6]\]. SS-T-BLUP does not need $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf{G }$$\end{document}$ or its inverse and fits the marker indirectly. As it also fits $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf{G }$$\end{document}$ indirectly, it is generally algebraically equivalent to SS-H-BLUP. Thus, it provides EBV at the individual level, which can be readily transformed into SNP solutions but avoids the complex co-variance structure of SS-SNP-BLUP \[[@CR3], [@CR5], [@CR7]\].

In this paper, we will examine the computational advantage of SS-T-BLUP for a large-scale multi-trait BREEDPLAN single step genetic evaluation of Australian Angus beef cattle. We will compare the results to those obtained by using an ordinary SS-H-BLUP approach.

Methods {#Sec2}
=======

Model {#Sec3}
-----

In the following, three equivalent representations of the inverse of the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf{H }$$\end{document}$ matrix are derived which differ in their computational demand before and while solving the MME. Many of the formulas have been derived elsewhere \[[@CR1], [@CR5], [@CR6], [@CR8]--[@CR11]\], but for convenience they are presented below.
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                \begin{document}$$\mathbf{H }$$\end{document}$ matrix required for SS-H-BLUP can be written as:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \begin{array}{c|c} \mathbf{A }_{1,1}-\mathbf{A }_{1,2}\mathbf{A }_{2,2}^{-1}\mathbf{A }_{2,1}+\mathbf{A }_{1,2}\mathbf{A }_{2,2}^{-1}\mathbf{G }_\mathbf{w }(\mathbf{A }_{1,2}\mathbf{A }_{2,2}^{-1})^\prime & (\mathbf{A }_{1,2}\mathbf{A }_{2,2}^{-1})\mathbf{G }_\mathbf{w }\\ \hline \mathbf{G }_\mathbf{w }(\mathbf{A }_{1,2}\mathbf{A }_{2,2}^{-1})^\prime & \mathbf{G }_\mathbf{w }\\ \end{array} \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf{A }$$\end{document}$ is the pedigree-based numerator relationship matrix, $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf{A }_{1,1}$$\end{document}$ denotes a diagonal block of $\documentclass[12pt]{minimal}
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                \begin{document}$$m_n$$\end{document}$ non-genotyped individuals, $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf{A }_{2,2}$$\end{document}$ denotes a diagonal block of $\documentclass[12pt]{minimal}
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                \begin{document}$$m_g$$\end{document}$ genotyped individuals, and $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf{A }_{2,1}$$\end{document}$ denote off-diagonal blocks of $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf{A }$$\end{document}$ located between the non-genotyped and genotyped individuals. $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf{G }_{\mathbf{w }}$$\end{document}$ is a genomic relationship matrix of dimension $\documentclass[12pt]{minimal}
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                \begin{document}$$m_{g} \times m_{g}$$\end{document}$ which is constructed by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf{G }_{\mathbf{w }}$$\end{document}$ = $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma$$\end{document}$ $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf{M }$$\end{document}$ $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf{D }$$\end{document}$ $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf{M}^\prime+$$\end{document}$ $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda$$\end{document}$ $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf{C }$$\end{document}$, where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf{M }$$\end{document}$ is a centred and scaled matrix of marker genotypes of dimension $\documentclass[12pt]{minimal}
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                \begin{document}$$\lambda$$\end{document}$ are arbitrary non-zero weights. Note that in applications where all markers are weighted equally and the co-variance between markers is set to zero, $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf{C }$$\end{document}$ may be a diagonal matrix of random noise which ensures invertibility of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf{M }$$\end{document}$ $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf{D }$$\end{document}$ $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf{M }^\prime$$\end{document}$, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma$$\end{document}$ are set to 1. Or $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf{C }$$\end{document}$ = $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf{A }_{2,2}$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$0<\lambda <1$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma =1-\lambda$$\end{document}$, where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda$$\end{document}$ is interpreted as the proportion of the total additive genetic variance not explained by markers \[[@CR8]\].
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Computational implications when solving iteratively {#Sec4}
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A widely used method when solving MME iteratively is the conditioned gradient descent method \[also known as preconditioned gradient method (PCG)\]. It requires the multiplication of a vector with the MME coefficient matrix once per iteration. Therefore, this method is affected by the way the inverse of $\documentclass[12pt]{minimal}
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Differences in peak memory requirement directly result from the size of the arrays, which must be kept in RAM simultaneously during preparation and iteration. Furthermore, for SS-H-BLUP and SS-$\documentclass[12pt]{minimal}
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Data {#Sec5}
----
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                \begin{document}$$\widetilde{\text {H}}$$\end{document}$-BLUP and SS-T-BLUP models were applied to an Australian Angus beef cattle dataset currently used in BREEDPLAN single step genetic evaluation \[[@CR13]\]. The dataset comprised 35 traits with 9,565,814 records and 2,621,403 individuals in the pedigree. The number of animals with genotypes was 58,705 which comprised SNP genotypes of various densities and panel manufacturers imputed to a common set of 56,009 SNPs \[[@CR14]\]. To increase the computational load, additional 91,295 and 341,295 dummy genotypes (total dataset size of 150k and 400k genotypes, respectively) were generated in a regression-sampling approach (see next paragraph). The 400k dataset was used only for SS-T-BLUP because the other models were computationally infeasible.
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Software {#Sec6}
--------

The system of equations was solved with AGBU's current large-scale linear mixed model library solver, which uses the PCG algorithm for iteratively solving linear mixed models and integrates Intel(R) MKL(R), version 2017 update 8. For research and commercial purposes, the solver is available on request. Block-diagonal and diagonal pre-conditioners were used for random and fixed factors, respectively.

Denoting the MME as **Xb** = **y**, where **X** is the coefficient matrix, **b** is the solution vector and **y** is the right hand side vector, convergence was achieved when the L2 norm of vector (**y** − **Xb**) scaled by the L2 norm of vector **y** was $\documentclass[12pt]{minimal}
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Results {#Sec7}
=======

Results for the different parts of the setup and solving steps are in Table [1](#Tab1){ref-type="table"}. SS-H-BLUP$\documentclass[12pt]{minimal}
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Discussion {#Sec8}
==========

SS-T-BLUP has been proposed as a single step model which can be helpful for datasets for which the number of genotyped individuals exceeds the number of markers and the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf{G }$$\end{document}$ matrix is algebraically not invertible. These situations are becoming more common in commercial plant and livestock species where increasing numbers of individuals are genotyped with low- to medium-density SNP chips \[[@CR6]\]. The method is enabled by reformulating the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf{H }$$\end{document}$ matrix representation such that neither the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf{G }$$\end{document}$ or $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf{A }_{2,2}$$\end{document}$ matrices, nor their inverse matrices need to be built or approximated.
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                \begin{document}$$\mathbf{D }_{\mathbf{i }}$$\end{document}$ is a diagonal matrix of weights of marker *i* in the different traits. This expansion is not possible for the models applied here. However, SS-SNP-BLUP usually comes at the cost of much higher model dimensionality and slow convergence rates when solved iteratively \[[@CR3]\]. The latter can be dealt with by using a more elaborate pre-conditioner, which is still computationally demanding \[[@CR4]\]. To our knowledge, it has not been shown yet that the model flexibility of SS-SNP-BLUP is required for more accurate EBV.

Since all models were equivalent, it was expected that the number of iterations needed for convergence was the same. However, surprisingly there was no difference in the number of iterations for convergence when using only the 58,705 real genotypes (results not shown), 150k genotypes or 400k genotypes. A possible explanation is the way the dummy genotypes were generated. Thus, it is very likely that a dataset with 400k real genotypes may require more iterations but that the time needed for preparation and per iteration will be similar to that observed in this study.

As shown by the results, SS-T-BLUP clearly outperforms SS-H-BLUP in terms of total processing time mainly due to the huge computational cost of setting-up $\documentclass[12pt]{minimal}
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Conclusion {#Sec9}
==========

These results support the conclusion that SS-T-BLUP provides a feasible algorithm to calculate exact solutions for estimated breeding values when the number of genotyped individuals exceeds the number of markers. A limitation to the number of genotyped individuals is only set by the available RAM. Therefore, SS-T-BLUP allows solving single step equation systems iteratively without generating $\documentclass[12pt]{minimal}
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